This short survey contains some recent developments of the algebraic theory of racks and quandles. We report on some elements of representation theory of quandles and ring theoretic approach to quandles.
Introduction
The intent of this article is to summarize some recent progress on the theory of quandles and racks from an algebraic point of view. Quandles are in general non-associative structures whose axioms correspond to the algebraic axiomatization of the three Reidemeister moves in knot theory [13] . Quandles and racks appeared in the literature with many different names. In 1942 Mituhisa Takasaki [27] introduced the notion of kei as an abstraction of the notion of symmetric transformation. The earliest known work on racks is contained in the 1959 correspondence between John Conway and Gavin Wraith who studied racks in the context of the conjugation operation in a group. Around 1982, Joyce [20] and Matveev [25] introduced independently the notion of a quandle. Joyce and Matveev associated to each oriented knot a certain quandle in such a way that one of the main problems in knot theory, the problem of equivalence of knots, is transformed into the problem of isomorphism of quandles. Since then, quandles have been of much interest to topologists as well as algebraists. A Cohomology theory for racks was introduced in [18] and was extended to a quandle cohomology in [8] . This quandle cohomology was used to define state-sum invariant for knots and paved the road to prove some properties of knots and knotted surfaces, such as invertibility [7, 8] and the minimal triple point numbers of knotted surfaces [26] . Quandles were also investigated from an algebraic point of view and relations to other algebraic structures such as Lie algebras [4, 5] , Frobenius algebras and Yang-Baxter equation [6] , Hopf algebras [2, 5] , quasigroups and Moufang loops [15] , representation theory [11] and ring theory [3] . For more details on racks, quandles and some other related structures (birack, biquandles) we refer the reader to [13] .
The outline of this article is as follows. In Section 2, we review the basics of quandles and give examples. Section 3 deals with some notions of representation theory of quandles. Precisely, we review the concept of finitely stable quandles, show the existence of non-trivial stabilizing families for the core quandle Core(G) and discuss strong irreducible representations. In section 4 we relate quandles to ring theory by focusing on the quandle ring of quandles. We present the key elements to show that non trivial quandles are not power associative and we survey doubly transitive quandles and discuss the problem of isomorphism of quandle rings.
Background on Racks and Quandles
Since this paper is meant to be a short overview, we will not discuss here the use of quandles in low dimensional topology and knot theory. We refer the interested reader, for example, to the book [13] . Let (X, ⊲) be a set with a binary operation. If the set X is closed under the operation ⊲, that is for all x, y in X, x ⊲ y ∈ X, then (X, ⊲) is called a magma. For x ∈ X, the right multiplication by x is the map R x : X → X given by R x (u) = u ⊲ x, ∀u ∈ X. Now we give the following definition of a rack Definition 2.1. [13] A rack is a magma (X, ⊲) such that for all x in X, the right multiplication R x is an automorphism of (X, ⊲).
If in addition every element is idempotent, then (X, ⊲) is called a quandle. The following are some examples of racks and quandles Example 2.2.
(1) A rack X is trivial if ∀x ∈ X, R x is the identity map. (2) For any abelian group G, the operation x ⊲ y = 2y − x defines a quandle structure on G called Takasaki quandle. In particular, if G = Z n (integers modulo n), it is called dihedral quandle and denoted by R n .
X is a rack with operation x ⊲ y = tx + sy. If t + s = 1, then this rack is not a quandle. But if s = 1 − t, then this rack becomes a quandle called Alexander quandle (also called affine quandle). (4) The conjugation x ⊲ y = yxy −1 in a group G makes it into a quandle, denoted Conj(G). (5) The operation x ⊲ y = yx −1 y in a group G makes it into a quandle, denoted Core(G). (6) Let G be a group and let ψ be an automorphism of G, then the operation x ⊲ y = ψ(xy −1 )y defines a quandle structure on G. Furthermore, if H is a subgroup of G such that ψ(h) = h, for all h ∈ H, then the operation Hx ⊲ Hy = Hψ(xy −1 )y gives a quandle structure on G/H. For each x ∈ X, the left multiplication by x is the map denoted by L x : X → X and given by L
. Given a quandle (X, ⊲), we will denote by Aut(X) the automorphism group of X. The subgroup of Aut(X), generated by the automorphisms R x , is called the inner automorphism group of X and denoted by Inn(X). The subgroup of Aut(X), generated by R x R −1 y , for all x, y ∈ X, is called the transvection group of X denoted by Transv(X). It is well known [20] that the transvection group is a normal subgroup of the inner group and the latter group is a normal subgroup of the automorphism group of X. The quotient group Inn(X)/Transv(X) is a cyclic group. To every quandle, there is a group associated to it which has a universal property and called enveloping group of the quandle. The following is the definition. Definition 2.3. Let (X, ⊲) be a quandle. The enveloping group of X is defined by G X = F(X)/ < x * y = yxy −1 , x, y ∈ X >, where F(X) denotes the free group generated by X.
Note that there is a natural map ι : X −→ G X . In the following, we show a functoriality property of this group.
Proposition 2.4. [17] Let (X, ⊲) be a quandle and G be any group. Given any quandle homomorphism ϕ : X −→ Conj(G). Then, there exists a unique group homomorphism ϕ : G X → G which makes the following diagram com
Thus one obtains the natural identification expressing that the functor enveloping from the category of quandles to the category of groups is a left adjoint to the functor conjugation: Hom qdle (X, Conj(G)) ∼ = Hom grp (G X , G). The following are some properties and definitions of some quandles .
• A quandle X is involutive, or a kei, if, ∀x ∈ X, R x is an involution.
• A quandle is connected if Inn(X) acts transitively on X.
• A quandle is faithful if x → R x is an injective mapping from X to Inn(X). • A Latin quandle is a quandle such that for each x ∈ X, the left multiplication L x by x is a bijection. That is, the multiplication table of the quandle is a Latin square.
x, y, z, w ∈ X. It is well known that a quandle is medial if and only if its tranvection group is abelian. For this reason, sometimes medial quandles are called abelian. For example, every Alexander quandle is medial. • A quandle X is called simple if the only surjective quandle homomorphisms on X have trivial image or are bijective.
Elements of Representation Theory of Quandles
Recently, elements of representation theory of racks and quandles were introduced in [11] . A certain class of quandles called finitely stable quandles was introduced as a generalization of the notion of a stabilizer defined in [12] . A stabilizer in a quandle X is an element x ∈ X such that R x is the identity map. From the definition of the quandle operation of Conj(G), one sees immediately that an element of G is a stabilizer if and only if it belongs to the center Z(G) of G. On the other hand, an element x ∈ Core(G) is a stabilizer if and only if ∀y ∈ G, (xy −1 ) 2 = 1, and thus the core quandle Core(G) of a group G has no stabilizers if G has no non-trivial 2-torsions. This observation suggested that the property of having stabilizers is too strong to capture the identity and center of a group in the category of quandles. This property was then weakened to give the notion of stabilizing families.
Finitely Stable Quandles.
First we recall the following definition. Definition 3.1. [11] Let X be a rack or quandle. A stabilizing family of order n (or n-stabilzer) for X is a finite subset {x 1 , . . . , x n } of X such that the product R xn R x n−1 . . . R x 1 is the identity element in the group Inn(X).
For any positive integer n, we define the n-center of X, denoted by S n (X), to be the collection of all stabilizing families of order n for X. The collection S(X) := n∈N S n (X) of all stabilizing families for X is called the center of the quandle X. Now we state the definition of finitely stable quandle.
Definition 3.2. [11]
A quandle X is said to be finitely stable if S(X) is non-empty. It will be called n-stable if it has a stabilizing family of order n.
Remark 3.3. Note that if every element of X is an n-stabilzer, then we recover the definition of an n-quandle of Joyce [20] , Definition 1.5, page 39.
Example 3.4. From Definition 3.2, one sees that any finite quandle X is finitely stable.
Example 3.5. Consider the integers Z with the quandle structure
Given any family {x 1 , . . . , x n } of integers we get the formula
One then obtain the stabilizing family {x 1 , x 1 , · · · , x n , x n } of order 2n and thus Z admits an infinitely many stabilizing families of even orders. Now we show how to obtain non-trivial stabilizing families of the core quandle Core(G). Proposition 3.6. [11] Let G be a non-trivial group. Then for all even natural number 2k ≤ |G|, there exists a non-trivial stabilizing family of order 2k for the core quandle Core(G). In particular, if G is infinite, Core(G) admits infinitely many stabilizing families.
For the stabilizing families of odd order of the core quandle, we have the following characterization. Theorem 3.7. [11] Let G be a group. The core quandle of G is (2k + 1)stable if and only if all elements of G are 2-torsions; in other words, G is isomorphic to i∈I Z 2 , for a certain finite or infinite set I.
Sometimes, a quandle may have no stabilizing family at all as shown in the following example.
Example 3.8. Let V be a vector space equipped with the quandle structure x ⊲ y = x+y 2 . Then S(V) = ∅. Let G be a group and n a positive integer. The n-core of G was defined by Joyce [20] as the subset of the Cartesian product G n consisting of all tuples (x 1 , . . . , x n ) such that x 1 · · · x n = 1. Moreover, the n-core of G has a natural quandle structure defined by the formula (x 1 , . . . , x n ) ⊲ (y 1 , . . . , y n ) := (y −1 n x n y 1 , y −1 1 x 1 y 2 , . . . , y −1 n−1 x n−1 y n )
A notion of the n-pivot of a group as a generalization of the n-core is given by the following definition. Definition 3.9. Let G be a group and let Z(G) be its center. For n ∈ N, we define the n-pivot of G to be the subset of G n given by
It is straightforward to see that the formula (1) defines a quandle structure on P n (G). Moreover, we have the following proposition. Proposition 3.10. ( [11] ) Let G be a non-trivial group. Then for all n ∈ N, there is a bijection S n (Conj(G)) ∼ = P n (G). In particular, S n (Conj(G)) is naturally equipped with a quandle structure. Furthermore, if G has a trivial center, then S 2 (Cong(G)) = Core(G).
Example 3.11. If G has trivial center, then for all n ≥ 2, S n (Conj(G)) coincides with the n-core of G. In particular S 2 (Cong(G)) = Core(G).
Quandle Actions and Representations.
Recall that in [12] 
If {x i } s i=1 is a family of elements in X, we will write m · (x i ) i for (· · · (m · x 1 ) · · · · ) · x s .
We will require two additional axioms that generalize, in an appropriate way, the concept of group action. Precisely we give the following. (2) and such that for all {u 1 , . . . , u s } ∈ S(X),
for all cycle σ in the subgroup of S n generated by the cycle (2 . . . n 1).
Example 3.13. Let G be a group acting (on the right) on a space M. We then get a rack action of Conj(G) on M by setting m · g := mg −1 . It is easy to check that for all {g i } i ∈ P n (G), we have
for all m ∈ M and σ in the subgroup generated by the cycle (2 . . . n 1).
Notice however that a rack action of Conj(G) does not necessarily define a group action of G. 
Then, it follows immediately from equation (2), that all stabilizers are subquandles of X. Now we give a definition of various properties of the action (see [11] ). (i) An approximate unit for the quandle action is a finite subset
(ii) An element t ∈ X is an r-unit for the quandle action if the family {t} r i=1 is an approximate unit for the rack action. (iii) The quandle action of X on M is called r-periodic if each t ∈ X is an r-unit for the quandle action. (iv) A quandle action is said to be strong if every stabilizing family of the quandle is an approximate unit.
Example 3.18. Let (X, ⊲) be a quandle. Then we get a rack action of X on its underlying set by defining m · x := m ⊲ x, m, x ∈ X. It is immediate that a finite subset {t i } i ⊂ X is an approximate unit for this quandle action if and only if it is a stabilizing family for the quandle structure, hence it is a strong action. Furthermore, this action is n-periodic if and only if X is an n-quandle in the sense of Joyce [20] , Definition 1.5, p 39. Now we define the notion of representation of a quandle (see [11] ). 
When φ is an isomorphism then it is called an equivalence of quandle representations. If V is a representation of the quandle X, a subspace W ⊂ V is called a subrepresentation if for any finite family 
Strong Representations.
Definition 3.24. [11] A strong representation of X is a representation V such that the quandle action is strong.
We denote by Rep s (X) the set of equivalence classes of strong irreducible finite dimensional representations of X.
One can check that as in the group case, Rep s (X) is an abelian group under tensor product of strong irreducible representations. Then ρ is a strong representation of Z 3 as a quandle, although it is clearly not a group representation. Note, however, that this is a reducible representation since we have the following complete decomposition into irreducible subspaces C[X] = C < e 1 + e 2 + e 3 > ⊕ C < e 2 − e 1 , e 3 − e 1 >.
Example 3.28. If X is an involutive quandle then, every x ∈ X is a 2-stabilizer for X. Then every pair (V, τ), where V is a vector space and τ : V −→ V is a linear involution, gives rise to a strong representationτ :
Proposition 3.29. [11] Suppose the quandle X is finite, involutive, and connected. Then, the regular representation of X corresponds to a conjugacy class of the symmetric group S n where n = #X. More generally, if X has k connected components, then the regular representation corresponds to k conjugacy classes in S n . Theorem 3.30. Let X be a finite quandle. Then every irreducible strong representation of X is either trivial or finite dimensional.
We shall observe that in the case of involutive quandles the above result becomes more precise with regard to the dimension of the irreducible representations. We then have the following theorem (see [11] ) Theorem 3.31. Every irreducible strong representation of an involutive connected finite quandle X is one-dimensional.
Quandles and Ring Theory
In [3] , a theory for quandle rings was proposed for quandles by analogy to the theory of group rings for groups. In [10] , quandles were investigated from the point of view of ring theory. Precisely, some basic properties of quandle rings were investigated and some open questions which were raised in [3] were solved. In particular, examples of quandles were provided for which the quandle rings k[X] and k[Y] are isomorphic, but the quandles X and Y are not isomorphic.
Power Associativity of Quandle Rings.
We associate to every quandle (X, ⊲) and an associative ring k with unity, a nonassociative ring k[X]. First, we start by recalling the following Definition and Proposition. In [3] , power associativity of dihedral quandles was investigated and the question of determining the conditions under which the quandle ring R[X] is power associative was raised. In this section we give a complete solution to this question. Precisely, we prove that quandle rings are never power associative when the quandle is non-trivial and the ring has characteristic zero.
Let first let's recall the following definition from [1] Definition 4.2. A ring k in which every element generates an associative subring is called a power-associative ring.
Example 4.3. Any alternative algebra is power associative. Recall that an algebra A is called alternative if x · (x · y) = (x · x) · y and x · (y · y) = (x · y) · y, ∀x, y ∈ A, (for more details see [16] ).
In non-associative algebras, the product x · x is also denoted by x 2 , as in the associative case.
It is well known [1] that a ring k of characteristic zero is power-associative if and only if, for all x ∈ k,
and
Theorem 4.4. [10] Let k be a ring of characteristic zero and let (X, ⊲) be a non-trivial quandle. Then the quandle ring k[X] is not power associative.
The proof of this theorem is based on the use of the two identities (4) and (5) . The proof consists of two steps:
(1) show that if there exist x, y ∈ X such that x = y and x ⊲ y = y ⊲ x, then k[X] is not power associative. (2) Assume ∀x, y ∈ X such that x = y, we have x ⊲ y = y ⊲ x. If k[X] is power associative, then x ⊲ y = x. A complete proof can be found in [10] .
Higher Transitivity in Groups and Quandles.
First we recall the notion of n-transitivity of groups [9] and use it in the context of quandles. Let G be a group acting (the right) on a set X, thus G acts naturally on any cartesian product X n of X by (x 1 , · · · , x n )g = (x 1 g, · · · , x n g). Note that the subset X n := {(x 1 , · · · , x n ) ∈ X n | ∀i = j, x i = x j }, of X n , is G-invariant. We then state the following definition of n-transitive action.
Definition 4.5. [9] Let G be a group, X be a non-empty set and n be a positive integer. The group G acts n-transitively on X if it acts transitively on the subset X n of X n .
It is clear from this definition that an n-transitive action implies an (n−1)transitive action. It is also well known that Sym(X) acts n-transitively on X when n ≤ #X. Now we state the following definition of n-transitive quandles.
Definition 4.6. [23] A finite quandle X, with cardinality |X| > 2, is called n-transitive if the action of the inner group Inn(X) is n-transitive action on X.
The following is the definition of primitive action.
Definition 4.7. [9] Let G be a group acting on (the right) on a finite nonempty set X. We say that G preserve an equivalence relation ∼ on X if the following condition is satisfied:
x ∼ y if and only if xg ∼ yg.
The action of G on X is said to be primitive if the group G acts transitively on X and if G preserves no non-trivial partition of X.
It is well known [9] that any 2-transitive group is primitive, but the converse is not true in general. Corollary 1.5A on page 14 of [9] states that a group G is primitive if and only if each point stabilizer is a maximal subgroup of G. Thus, the study of finite primitive permutation groups is equivalent to the study of the maximal subgroups of finite groups.
McCarron showed in Proposition 5 of [23] that if n ≥ 2 and X is a finite ntransitive quandle with at least four elements, then n = 2. Furthermore, he showed that the dihedral quandle of three elements is the only 3-transitive quandle, and there are no 4-transitive quandles with at least four elements. Now we turn to the notion of quandles of cyclic type and we will give their relastionship to 2-transitive quandles (called also two point-homogeneous in [28] ). Example 4.9. The following list of quandles of cyclic type is taken from table 1 in [21] .
• Among the quandles of order three, the dihedral quandle is the only one of cyclic type. The classification of quandles of cyclic type was investigated in [21] . Their main theorem states that the isomorphism classes of cyclic quandles of order n are in one-to-one correspondence with the permutations of the symmetric group S n satisfying certain conditions. Furthermore, they obtained the classification of the quandles of cyclic type with cardinality up to order 12.
They also stated the following conjecture: "A quandle with at lease 3 elements is of cyclic type if and only if its cardinality is a power of a prime". This conjecture was later proved in [29] (see Theorem 1 and also Corollary 2). These types of quandles appeared earlier in [22] , where they were called quandles with constant profile ({1, n − 1}, . . . , {1, n − 1}).
In [28] , the author defined a quandle X to be two-point homogeneous if the inner automorphism group Inn(X) acts doubly-transitive on X. Furthermore, the author classified two-point homogeneous quandles of prime cardinality by proving that they are linear Alexander quandles. This was generalized in [29, 30] to the case of prime powers giving the following result: A finite quandle (X, ⊲) is 2-transitive if and only if it is of cyclic type, if and only if it is isomorphic to an Alexander quandle (F q , ⊲) over the finite field F q with operation x ⊲ y = ax + (1 − a)y where a is a primitive element (i.e. a generator of the multiplicative group F × q ) . The notion of 2-transitive quandles was also used recently in [10] to study quandles from a ring theoretical approach. = (2, 1, 1, 0, . . .) .
In order to state the next result about the same partition type for quandles with isomorphic quandle rings, we need the following theorem which gives the list of subgroups G S n for which the representation V st is irreducible, where V st ⊂ V = k[X] be the subspace orthogonal to the vector v triv = x∈X i
x. The groups (i) − (v) are respectively the affine and projective general semilinear groups, projective semilinear unitary groups, Suzuki and Ree groups. We refer the reader to [9, Chapter 7] for definitions of these groups. (v) G Re(q), and p divides (q + 1)(q + 1 + m), where m 2 = 3q.
The following theorem was proved in [10] . Example 4.15. Let k be a field with characteristic zero and assume X = Y = {1, 2, 3, 4, 5, 6, 7} as sets. Define a quandle structure on the set X by R 5 = (1 2), R 6 = (1 2)(3 4) and all the other R i , i = 5, 6, are the identity map. Define a quandle operation on the set Y by R 5 = (1 2), R 6 = (3 4) and all the other R i , i = 5, 6, are the identity map. A similar argument to the one given in the previous example shows that X and Y are not isomorphic as quandles. One family of ring isomorphisms is given by ϕ : There is an easy way to obtain other examples from the one we just provided (see [10] for more details).
